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« Empirical Processes = Statistical Learning Theory = PDEs = High-Dimensional Probability and Statistics = Information Theory = Linear Operator Theory = Neural Network Theory = Signal Processing = and many others
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Time-Frequency Representation

o(w) transfer function of LTI system — o(x,w) transfer function of LTV system

o(x,w) » o(x,w)=1: T, =1d

> o(x,w) = u(x): T,f(x)= u(x)f(x)
f(x) — T, — g(x)
» o(x,w) = v(w): LTI System

Pseudodifferential Operators: T,f(x) = /d o(x,w) F(w) e > duw
R

Differential Operators are Pseudodifferential Operators with polynomial symbol.

The Laplace Operator —A = —9% — - -- — 83 has symbol o(x,w) = (27||w||)%.
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Question: How does the entropy of T, depend on o7
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In Practice
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Theorem — A. & Bolcskei '26
If o > 0 is a negative-order hypoelliptic symbol with regular variations, then
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Simple plug-and-play formula: no need for explicit covering and packing constructions
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Provides sharp asymptotics (cf. applications).
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2/ Microlocal Analysis.
Generalized Weyl Formula:  M(A) ~ vol{(x,w) e R¥ | o(x,w) > )\} (A—0)

» {1n}, orthonormal basis of eigenfunctions in  » the supports of {1}, are essen-

L?(RY); tially disjoint in phase space;
» by the Uncertainty Principle, v, is localized » 1),'s eigenvalue A\, ~ o(xn, wn)
in unit-volume regions of phase space centered — keep only o(xn,wp) > A

around (Xp, wp);
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H,(e) ~ /:o vol{(x,w) € R¥ | o(x,w) > )\} % (e —0)

1/ Metric Entropy of Ellipsoids.  H,(c) ~ [° M(A) % with M(X) = #{\, > A}
2/ Microlocal Analysis. M(X) ~ vol{(x,w) € R | o(x,w) > A}

3/ Combine and Apply Fubini.

Hy(g) ~ /OO volf (x,w) € R | o(x,w) > A} d;

]l g\ X,w
—/ / “Aobw) > A} ( )22 du d\ = / Iog+< )> dx duw.
R2d 13
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Application to Nonparametric Statistics

Estimate x from noisy observations y = x + k& » Density Estimation

x € T4(B), Kk >0, €n gk N(0,1) » Spectral Density Estimation
. . . 2

Risk:  Ry(k) = infg_ sup, EyNX[HXK(y) —x|| } » Nonparamteric Regression

Theorem — A. & Bolcskei '26

Under the usual assumptions

Ry (k) ~ n2/

R

(1— “r ) dx dw (k —0)
2d +

where ¢, is determined (implicitly) by

1
52/ (1— or ) dx dw=1 (k> 0)
R2d 0 (X, W) € o(x,w)/ 4
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Only few classes for which asymptotics of minimax risk are precisely known.

Pinsker’s Theorem for Sobolev spaces on [0,1]. Our results generalize it to:

Sobolev Spaces on Bounded Domain Q ¢ RY.

R(k) ~

2k
2k k (Q) K2 a2k
d+ ( dvgvol(Q) k )) (5 0)

d \ (2m)9(d + k)(d + 2k

Sobolev Spaces on RY with Quadratic Potential.

d+k

R(H) N d k Vod 52 d+k (H . 0)
d \ (2my/c)d(d + k)(2d + k)
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