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Entropy and Entropy Numbers of Compact Linear Operators

Setting. H separable Hilbert space, B its unit ball, and T : H → H compact.

Entropy and entropy numbers of T .
H(ε) := H(ε; T (B)) = log

(
number of H-balls B of radius ε required to cover T (B)

)

em = inf{ε > 0 | HT (ε) ≤ m}

Standard methods.
▶ spectral methods;
▶ explicit construction of packings and

coverings;

▶ widths and s-numbers;
▶ interpolation and factorization;

GOAL OF THE TALK
Leverage spectral information on T to obtain
sharp asymptotics on H(ε) (as ε → 0) and on
em (as m → ∞).
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Main Result

Question: Can we transfer asymptotics on the eigenvalues λn(T ) of T to its entropy?

Theorem — A. & Bölcskei ’25
If λn(T) = c1n−α1 + c2n−α2 + on→∞(n−α2) with 0 < α1 < α2 < α1 + 1/2, then

H(ε) = α1

(c1

ε

) 1
α1

+
(c1/c2)

1−α2
α1

α1 − α2 + 1

(c2

ε

) 1+α1−α2
α1

+ oε→∞

(
ε

− 1+α1−α2
α1

)
,

and em = c1αα1
1 m−α1 +

c1 αα2
1

1 + α1 − α2
m−α2 + om→∞

(
m−α2

)

Reformulation. In terms of the eigenvalue-counting function M(λ) = #{λn(T ) ≥ λ}

If M(λ) = κ1λ−β1 + κ2λ−β2 + oλ→0(λ−β2), with 0 < β1/2 < β2 < β1, then

H(ε) =
κ1

β1
ε−β1 +

κ2

β2
ε−β2 + oε→0(ε−β2)
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Proof Sketch

λn(T ) ≃ c1
nα1

+ c2
nα2

implies H(ε) ≃ α1

(c1
ε

) 1
α1 + (c1/c2)

1−α2
α1

α1 − α2 + 1

(c2
ε

) 1+α1−α2
α1

Diag. Op.x1

x2

0

1−1

1

−1

x1

x2

0

λ1−λ1

λ2

−λ2

.
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x2

.
x3

.
x4

.
x5

Effective Dimension: λd ≃ ε

Lower Bound: Volume Arguments

Upper Bound: Block Decomposition
+ Rogers’ Bound
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Applications



Application to Sobolev Spaces on Bounded Domains

Ω

Rd f

R

▶ f is square-integrable

▶ the k-th derivatives of f are
square-integrable

▶ f vanishes on the boundary ∂Ω

Sobolev norm: ∥f ∥2
Sob. = ∥f ∥2

L2(Ω) + ∥f (k)∥2
L2(Ω) Unit ball: Bk,d

Ω = {∥f ∥Sob. ≤ 1} ⊂ L2(Ω)

In dimension 1 with Ω = [0, 2π]:1 H(ε; Bk,1
[0,2π]) ≃ 2kε− 1

k In dimension d : H(ε; Bk,d
Ω ) ≍ ε− d

k .

Theorem — A. & Bölcskei ’25
For d ≥ 3 and under a regularity condition on the boundary ∂Ω

H(ε; Bk,d
Ω ) = kχd(Ω) ε− d

k + kχd−1(∂Ω)
4 ε− d−1

k + oε→0(ε− d−1
k ) with χr (S) := ωr

r(2π)r Hr (S)

1

D. L. Donoho, Counting bits with Kolmogorov and Shannon, Stanford University (2000) Tech. Rep. 2000-38.
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Proof — Sobolev Spaces on Bounded Domains

▶ Link to Laplacian ∥f ∥2
Sob. = ⟨f , f ⟩L2(Ω) + ⟨f , (−∆)k f ⟩L2(Ω) = ⟨f , (

T︷ ︸︸ ︷
Id + (−∆)k)f ⟩L2(Ω)

Bk,d
Ω = T −1/2(BL2(Ω)) so that H(ε; Bk,d

Ω ) = H
T − 1

2
(ε)

▶ Weyl law for the Laplacian2

λn(−∆) ≃ 4π2

(ωdHd(Ω)) 2
d

n 2
d + 2π2ωd−1Hd−1(∂Ω)

d(ωdHd(Ω))1+ 1
d

n 1
d

and λn(T − 1
2 ) ≃ λn(−∆)− k

2

▶ Apply the main result

λn ≃ c1
nα1

+ c2
nα2

implies H(ε) ≃ α1
(c1

ε

) 1
α1 + (c1/c2)

1−α2
α1

α1 − α2 + 1
(c2

ε

) 1+α1−α2
α1

Remark. α1 = k/d and α2 = (k + 1)/d → α2 < α1 + 1/2 is equivalent to d > 2.

2

V. Ivrii, Second term of the spectral asymptotic expansion of the Laplace-Beltrami operator on manifolds with
boundary, Funct. Anal. Appl. 14 (2) (1980) 98–106.
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Outlook

M(λ) ≃ κ1λ−β1 + κ2λ−β2 implies H(ε) ≃ κ1
β1

ε−β1 + κ2
β2

ε−β2

▶ Time-frequency representation

Tf (x) = F−1
(
σ(x , ·)F f

)
(x) then M(λ) ≃ vol

({
(x , ω) ∈ R2d | σ(x , ω) > λ

})

Sobolev spaces with potential on Rd . H(ε) ≃ kω2d
2d(2π

√c)d ε−2d/k

▶ General formula (under a weak regularity assumption on M(λ))

H(ε) ≃
∫ ∞

ε

M(λ)
λ

dλ

works for logarithmic, polynomial, poly-logarithmic, exponential decay of eigenvalues
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Summary
Main Result

Question: Can we transfer asymptotics on the eigenvalues λn(T ) of T to its entropy?

Theorem — A. & Bölcskei ’25
If λn(T) = c1n−α1 + c2n−α2 + on→∞(n−α2) with 0 < α1 < α2 < α1 + 1/2, then

H(ε) = α1

(c1

ε

) 1
α1

+
(c1/c2)

1−α2
α1

α1 − α2 + 1

(c2

ε

) 1+α1−α2
α1

+ oε→∞

(
ε

− 1+α1−α2
α1

)
,

and em = c1αα1
1 m−α1 +

c1 αα2
1

1 + α1 − α2
m−α2 + om→∞

(
m−α2

)

Reformulation. In terms of the eigenvalue-counting function M(λ) = #{λn ≥ λ}

If M(λ) = κ1λ−β1 + κ2λ−β2 + oλ→0(λ−β2), with 0 < β1/2 < β2 < β1, then

H(ε) =
κ1

β1
ε−β1 +

κ2

β2
ε−β2 + oε→0(ε−β2)

3

Proof Sketch

λn(T ) ≃ c1
nα1

+ c2
nα2

implies H(ε) ≃ α1

(c1
ε

) 1
α1 + (c1/c2)

1−α2
α1

α1 − α2 + 1

(c2
ε

) 1+α1−α2
α1

Diag. Op.x1

x2

0

1−1

1

−1

x1

x2

0

λ1−λ1

λ2

−λ2

.
x1 .

x2

.
x3

.
x4

.
x5

Effective Dimension: λd ≃ ε

Lower Bound: Volume Arguments

Upper Bound: Block Decomposition
+ Rogers’ Bound

H(ε) ≃ log
( d∏

n=1

λn
ε

)
λd ≃ε
≃ log

( d∏

n=1

λn
λd

)
≃ α1 log

(
dd

d!

)
Stirling

≃ α1d
λd ≃ε
≃ α1

(c1
ε

) 1
α1

4

Application to Sobolev Spaces on Bounded Domains
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▶ the k-th derivatives of f are
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